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Abstract. In this paper, for a group G, we consider an Aut G-invariant ideal J 
generated by tr x — 2 for any x 6 G in the ring of Fricke characters of G. We study a 
descending filtration J D J 2 D J 3 D ■ ■ ■ , and its graded quotients gr fe (J) := J k / J k+1 
t — ■ for k > 1. The first purpose of the paper is to determine the structure of gr fe (J) for 

G = F n and k = 1,2. 

m^j • Next, we introduce a normal subgroup £c(k) consisting of automorphisms of G 

which act on J/J k+1 trivially. These normal subgroups define a central filtration 
of Aut G. This is a Fricke character analogue of the Andreadakis- Johnson filtration 
"4g(&) of AutG. The main purpose of the paper is to show that £p n (l) is equal to 
Inni 7 ^ ■ A.F n ip) where IxmF n is the inner automorphism group of a free group F n , and 
that A Fn (2k) C £F n (k) for any k > 1. 

1. Introduction 

q ! Let G be a group generated by elements x±, . . . ,x n . We denote by 



R(G) := Hom(G,SL(2,C)) 
the set of all group homomorphisms from G to SL(2, C). Let 

F(R(G),C) := { X :R(G)^C} 



be the set of all complex- valued functions of R(G). Then we can consider ^(R^G), C) 
as a commutative ring in a natural way. For any x G G, we define an element tr x G 
jF{R{G), C) to be 

(trx)(p) := trp(x) 

for any p G R(G). Here "tr" in the right hand side means the trace of 2 x 2 matrix 
p(x) G SL(2, C). The element trx in J C (R(G),C) is called the Fricke character of 
x G G. Let X(G) be the Z-submodule of J r (R(G), C) generated by all tvx for x G G. 
Then 3t(G) is closed under the multiplication of jF(R(G), C). (See Subsection 14.11 for 
details.) 

Classically, Fricke characters were begun to studied by Fricke for a free group F n 
on Xi, . . . ,x n in connection with certain problems in the theory of Riemann surfaces. 
(See pj.) In 1970, Horowitz [S] and [B] investigated algebraic properties of X(G) using 
the combinatorial group theory. In particular, he [S] showed that for any x G G, the 
Fricke character tr x can be written as a polynomial with integral coefficients in 2 n — 1 
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characters trx^x^ • • • x^ for 1 < I < n and 1 < ii < i 2 < ■ ■ ■ < ii < n. He [B] 
also showed that the subgroup of Aut F n consisting of automorphisms which act on 
3i(F n ) tirivially is just the inner automorphism group lnnF n of F n . Namely, the action 
of Aut F n on the ring of Fricke characters 3i(F n ) induces a faithful representatrion of 
the outer automorphism group Out F n := Aut F n /lwaF n . However, since the rank of 
3£(F n ) as a Z-module is not finite in general, it is not so easy to study this representation 
directly. 

On the other hand, in order to make the structure of the Fricke characters X(F n ) 
clear, it is important to study the ideal of polynomials in the characters which vanish 
on any representations of G. More precisely, consider a polynomial ring 

Z[t] := Z[t n ... i; 1 1 < I < n, 1 < i\ < %i < • ■ ■ < %i < n] 

of 2 n — 1 indeterminates, and an ideal 

J = {/ G Z[t] | /(trp(x fl ■ • - Xil )) = for any p G R(G)}. 

In [5], for G = F n , Horowitz showed that / is trivial for n = 1 and 2, and is principal 
for n = 3. Whittemore [T7] showed that / is not principal for G = F n and n > 4. 
Although the ideal / has been studied by many authors for over forty years, very little 
is known for it. 

Here, we consider the rationalization of the situation above. Let Xq(G) be a Q- 
subspace of ^(RiG), C) generated by tix for any x G G. Similary to X(G), Xq(G) is 
closed under the multiplication of J-(R(G), C), and has a multiplicative unit 1 = |tr 1 G . 
Hence, Xq(G) is a ring. We call Xq(G) the ring of Fricke characters of G over Q. By 
observing the formula ([6]) and Horowitz's result, we see that for any i£G, the Fricke 
character tr x can be written as a polynomial with ratinal coefficients in n + (™) + Q) 
characters Xx Xil x i2 ■ ■ -x it for 1 < I < 3 and 1 < i x < i 2 < ■ ■ ■ < %i < n. Consider a 
polynomial ring 

Q[t] := QtV-i, 1 1 < 1 < 3 > 1 < *i < *2 < • • • < U < n) 

and its ideal 

Iq ■= {/ e Q[t] I f(txp(x h ■ ■ ■ x H )) = for any p G R(G)}. 

Similarly to J, the ideal Iq plays important roles in the various study of the ring 
structure of Xq(G). One of the most advantages to consider the rationalization of the 
Fricke characters is that the number of the indeterminates of Q[t] is fewer than that of 
Z[£], and it makes various computation much easy to handle. 

In the present paper, in order to construct finite dimensinal representations of Aut G, 
we consider a descending filtration of Aut G-invariant ideals of Q[t]/Jq, and take its 
graded quotients. Set t' iv . 4 := t^...^ — 2 G Q[t]. We also denote by t'^..., its coset class 
in Q[t]/Jq. Consider an ideal 

J := {t' iv . 4l 1 1 < I < 3, 1 < h < i 2 < ■■ ■ < k < n) C Q[t)/I Q 

generated by all t' il ,„ i , s. Then, we have a descending filtration 



J D J 2 D J 3 D 



of Aut G-invariant ideals of Q[£]/7q. (See Subsection 14.11 for details.) Set 

gr k (J) := J k /J k+l . 

Each of gr fe ( J) is Aut G-invariant Q- vector space of finite dimension for any k > 1 . 
This technique is deeply inspired by a result of Magnus [12] who originally studied 
the behavior of the action of Aut F3 on gr 1 (J). In [12], he pointed out the difficulties 
to find Aut F n -invariant ideals of X(F n ) and its quotient rings as a finite dimensional 
representation of Aut F n in general. Moreover, he [12] also stated that in order to get 
accessible situation, it seems to be better to use rational functions rather than integral 
polynomials. In this paper, however, we consider the rational polynomials to obtain 
finite dimensional representations of AutF n . 

The first purpose of the paper is to determine the structure of gr fc (J) for G = F n , 
n > 3 and k = 1,2. Set 

T := {t[ I 1 < 1 < n} U {4 I 1 < i < j < n} U {t' ijk | 1 < i < j < k < n} C J 

and 

S 1 1 < i < j < n} U {t'^ \l<i<n, 1 < a < b < n} 

U {t-t» 6c I 1 < i < n, l<a<b<c<n} 
U {4.4 1 1 < i < j < n, 1 < a < b < n, (i,j)<(a, 6)}, 
U K b t' abc , t'J abc , t' bc t' abc \l<a<b<c<n} 

I I it' t 1 t' t' t' f 1 t' t' t' t' f't' f 1 t' t' t' \\<i<a<b<r<r)\ 
u \ h ia h abci l ib l abc) L ic L abci l ia h ibci h ab h iao L ab L ibci b ac h ibci L ib b iac |-L^^^w^"^^^"-J 

U {^'a^fec tjbtiaci tjctiabi ^ab^ijc^ ^ac^ijb^ ^bc^ija \ l<i<j<a<b<C<7l} 

c J 2 

respectively. We show 



Theorem 1. (= Propositions \4-l?\ \4-l 6 A and ^JTTB .) For G = F n and n > 3, the sets T 



and S are basis of the Q-vector spaces gr x (J) and gr 2 (J) respectively. 

In general, it seems to be very complicated to find a basis of gr fc ( J) for general k > 3. 

Next, for any group G, we consider a descending filtration of AutG. For any k > 1, 
let Sc(k) be the subgroup of Aut G consisting of automorphisms which act on J / J k+l 
trivially. Then we see that the groups £c{k) define a descending filtration 

£ G {1) D E G {2) D ■ ■ O E G {k) D ■ ■ ■ 

of Aut G. 

This filtration is a Fricke character analogue of the Andreadakis- Johnson filtration 
Ac{k) of Aut G. The Andreadakis- Johnson filtration was originally introduced by An- 
dreadakis [2] in 1960's. In a series of his pioneer works [7], [8], [9] and [10], Johnson 
established the theory of Johnson homomorphisms in the study of the mapping class of 
surfaces. Togather with the theory of the Johnson homomorphisms, the Andreadskis- 
Johnson filtration is one of powerful tools to study the group structure of the auto- 
morphism group of a group. (See Section [3] for notation, and see [H] or [T3] for basic 
materials concerning the Andreadakis- Johnson filtration and the Johnson homomor- 
phisms.) 



The main purpose of the paper is to show 



Proposition 1. (— Proposition \5.3[ ) For any k,l > 1, [£ G (k),£ G (l)] C £ G (k + l). 
and 

Theorem 2. (— Theorems \5.12\ and \5.1$. ) For any n > 3, 

(1) £ Fn (l)=lnnF n -A Fn (2). 

(2) A Fn (2k)cS Fn (k)- 

From Proposition [TJ we see that {£ G (k)} is a central filtration of £ G (1). Then a 
natural problem to consider is how different is {£ G (k)} from the Andreadakis- Johnson 
filtration {A G (k)}. The partial answer to this question for G = F n is the theorem 
above. 

On the other hand, since {£ G (k)} is central, each of the graded quotient gr k (£ Fn ) := 
£ G {k) I '£c{k + 1) is an abelian group. At the end of the paper, we show 

Theorem 3. (— Theorem \5.15[ ) For any n>3, 

(1) Each of gr h (£ Fn ) is torsion-free. 

(2) dim Q (gr fc (£ F J ® z Q) < oo. 

To show this, we introduce Johnson homomorphism like homomorphisms r]k- Ob- 
serving Theorem [21 we see that gi l (£ Fn ) is finitely generated. In general, however, it 
seems to be quite a difficult to determine the structure of gr k (£ Fn ) even the case where 
k = l. 
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2. Notation and conventions 

Throughout the paper, we use the following notation and conventions. Let G be a 
group and N a normal subgroup of G. 

• The abelianization of G is denoted by G ab . 



• The group Aut G of G acts on G from the right. For any o G Aut G and x £ G, 
the action of a on x is denoted by x° ' . 

• For an element g G G, we also denote the coset class of g by g G G/N if there 
is no confusion. 

• For elements x and y of G, the commutator bracket [x, y] of x and y is defined 
to be [x, y] := xyx^y^ 1 . 

For pairs (ii, i 2 , ■ ■ ■ , ifc) and (ji , J2 , • • • , jfc) of natural numbers i r , j s G N, we denote the 
lexicographic order among them by (ii, i 2 , ■ ■ ■ , ik) < (ji, J2, • • • , jfc)- Namely, this means 
h < ji, h = ji an d «2 < 32, or and so on. 

3. The Andreadakis- Johnson filtration of AutG 

In this section, we review the Andreadakis- Johnson filtration of Aut G without proofs. 
The main purpose of the section is to fix the notations. For basic materials concerning 
the Andreadakis- Johnson filtration and the Johnson homomorphisms, see [H] or [15] . 
for example. 

For a group G, we define the lower central series of G by the rule 
r G (l) := F n , T G (k) := [T G (k - 1),G], k > 2. 
For any y x , . . . , y k G G, a left-normed commutator 

[[•••[fe/i,y2],y3], •••],?/*;] 

of weight k is denoted by 

bi,2/2, ■ ■ • ,2/fc] 

for simplicity. Then we have 

Lemma 3.1 (See Section 5.3 in |13j.). For any k > 1, the group Tc(k) is generated by 
all left-normed commutators of weight k. 

Let pc '■ Aut G — > Aut C7 ab be the natural homomorphism induced from the abelian- 
ization of G. The kernel IA(G) of pc is called the IA-automorphism group of G. Simi- 
larly, for any k > 1, the action of Aut G on each nilpotent quotient group G/Tc{k + 1) 
induces a homomorphism 

p k G : Aut G -> Aut(G/r G (A; + 1)). 

We denote the kernel of p k G by Then the groups Ac{k) define a descending 

central filtration 

IA(G) = A?(1)DA?(2)D- 
of Aut G. We call it the Andreadakis- Johnson filtration of Aut G. Then we have 

Theorem 3.2 (Andreadakis [2]). For any k, I > 1, [A G (k), A G (l)} C A G (k + l). 

4. The ring of Fricke characters 

In this section, we review the ring of Fricke characters of a finitely generated group G. 
In particular, we introduce a descending filtration consisting of Aut C7-invariant ideals 
of the ring. 



4.1. An Aut G-invariant ideal J. 

Let G be a group generated by elements xi, . . . , x n . We denote by 

R{G) : = Hom(G,SL(2,C)) 

the set of group homomorphisms from G to SL(2, C). Let 

T{R{G),C) := { X :R(G)^C} 

be the set of complex- valued functions of R(G). Then we can consider T(R(G), C) as 
a commutative ring in the following usual manner. For any \ and x' £ C), 
we define the sum and the product of x an d x' to be 

(x + x')(p) ■=x(p) + x'(p), 
(xx'){p) ■= x{p)x\p) 

for any p G R(G) respectively. We consider R(G) and J-"(i?(G),C) as right Aut(G)- 
modules by 

p a (x) := p^ 1 ), p G i?(G) and x E G 

and 

X CT (P) := X(P CT "), X 6 .F(i2(G), C) and p G fl(G) 

respectively. 

For any x G G, we define an element trx of ^(R^G), C) to be 

(trx)(p) := tr p(x) 

for any p G R(G). Here "tr" in the right hand side means the trace of 2 x 2 matrix p(x). 
The element trx in J-"(.R(G), C) is called the Fricke character of x G G. The action of 
an element o G Aut(G) on trx is given by trx CT . We have the following well-known 
formulae: 

(1) trx -1 = tr x, 

(2) tixy = tiyx, 

(3) tr xy + tr xy~ x = (tr x) (tr y) , 

(4) tr xyz + tr yxz = (tr x) (tr yz) + (tr y) (tr xz) + (tr z) (tr xy) — (tr x) (tr y) (tr z) , 

(5) tr [x, y] = (tr x) 2 + (tr y) 2 + (tr xy) 2 — (tr x) (tr y) (tr x?/) — 2, 

(6) iXxxyzw = (ti x)(tryzw) + (tr y)(tr zwx) + (tr z)(trwxy) + (tr w)(tr xyz) 

+ (ti xy)(tr zw) — (tr xz)(tr yw) + (tr xw;)(tr yz) 

— (tr x)(try)(tr zw) — (ti y)(tr z)(ti xw) — (tr x)(trw)(tryz) 

— (tr z)(tr w)(tr xy) + (tr x)(tr?/)(tr z)(trw) 

for any x,y, z,w G G. The equations (jlj) and (Q are due to Vogt [IB] . (For details, see 
Section 3.4 in [11] for example.) 

Let £(G) be the Z-submodule of J-"(-R(G), C) generated by all trx for x G G. Then, 
from ([3]), it is seen that £(G) is closed under the multiplication of ^(Ri^G), C). Consider 
an integral polynomial ring 

Z[t] := Ti\t ix ...i x 1 1 < I < n, 1 < ii < i 2 < ■ ■ ■ < k < n] 



of 2" — 1 indeterminates, and a ring homomorphism 7r : Z[t] — > F(R(G), C) defined by 

■= ^(trlc?), ^(^...i,) := trx h ■ ■ ■ x k . 

Fricke [3] stated that for any element x which is a word x G G in the generators 
Xi, . . .x n , the character trx is a polynomial among trx^x^ • ■ -x it for 1 < I < n and 
1 < %x < 12 < ■ ■ ■ < %\ < n. This was proved by Horowitz [5]. More precisely, 

Theorem 4.1 (Horowitz, [5]). For any G, X(G) is the image of an ideal 
I := (2, t^... k 1 1 < I < n, 1 < ii < i 2 < ■ ■ ■ < k < n) C Z[t) 

by 7r. 

Set / := Ker(7r). Namely, 

/ = {/ e Z[t] | /(trp(x il ■ • .sj) = for any p G fl(G)}. 

Horowitz [S] also showed that / = (0) for n = 1 and 2, and that for n = 3 and G = F 3 , 
J is a principal ideal generated by a quadratic element 

^123 ~ Pl23{t)tl23 + Ql23(t) 

where 

PahcKp) ■ tab^c tactb ^bctai 

Qabcif) - = t a ~\- t c -\- t ab + t ac + t bc tatbtab t a t c t ac tfet c ^6c + tabtbctac 4. 

For n > 4 and G = F n , Whittemore [17] showed that I is not principal. In general, 
however, very little is known for the ideal / for general n > 4. 

In this paper, we call the quotient ring Z[t]/I the ring of Fricke characters of G over 
Z, and considered as a subring of T{R(G), C) through the homomorphism tt. Then, we 
can define an Aut (G)-module structure of Z[t]/J such that the induced homomorphism 
Z[t]/I — > J-~(R(G), C) from n is Aut (G)-equivariant injective. 

For an elements y G G, an automorphism t y of G defined by x Ly := y~ l xy for any 
x 6 G is called an inner automorphism of G associated to y. Let Inn (G) be a normal 
subgroup of Aut (G) consisting of inner automorphisms of G. In general, Inn (G) is 
contained in the kernel of a homomorphism ( : Aut G — > Aut(Z[t]/7) induced from the 
action of Aut G on the ring of Fricke characters. For the case where G is a free group 
F n — (%i ■ ■ ■ , %n) °f rank n, Horowitz [6] showed 

Theorem 4.2 (Horowitz, [6]). For n > 3, Ker(C) = InnF n . 

Namely, the action of Aut F n on the ring of Fricke characters induces a faithful rep- 
resentation of the outer automorphism group Out F n := Aut F n /InnF n of a free group 
F n . However, since Z[t]/J in not finitely generated as a Z-module, the representations 
Aut F n — > Aut(Z[i]/I) and OutF n — > Aut(Z[i]/I) are not so easy to handle in general. 
In addition to this, the number of indeterminates of Z[t] also adds momentum to the 
complexity if we write down the behavior of the actions of Aut F n and Out F n on Z [£]//. 

In order to avoid these difficulties, first, we consider the rationalization of the situation 
above. Let Xq(G) be a Q-subspace of F(R(G), C) generated by all trx for x G G. The 
set Xq(G) naturally has a ring structure. Let 

Q[t] := QKv-i, 1 1 < I < 3, 1 < k < i 2 < ■ ■ ■ < k < n] 



be a rational polynomial ring of n + (™) + (3) indeterminates. Consider a ring homo- 
morphism 7tq : Q[i] — > F^R^G), C) defined by 

Then observing the formula ([6]) and Horowitz's result as mentioned above, we see 
Im(7TQ) = Xq(G). Remark that Im(7r) 7^ £(G). Set 

I Q := Ker(7r Q ) = {/ G Q[t] | f(trp(x il ■ ■ ■ x k )) = for any p G i?(G)}. 

We call jEq(Ct) and Q[t]/iq the ring of Fricke characters of G over Q. Similar to 
Z[t]/I, we see that Q[t]/iq can be considered as an Aut (G)-module, and that Inn (G) 
is contained in the kernel of a homomorphism (q : Aut G — >■ Aut (Q [£]//) induced from 
the action of AutG on Q[i]/I. 

If G = F n , since Ker(£cj) acts on X(F n ) C Xci(F n ) trivially, we see that Ker(^Q) = 
InnF n by Theorem 14.21 Hence, (q also induces a faithful representation of OutF n . In 
order to construct finite dimensional representations of Aut G and Out G, we prepare a 
descending filtration of Aut G- invariant ideals of Q[£]//q, and take its graded quotients. 
Set t := t ix ... il — c L G Q[t]. We also denote by t'^..., its coset class in Q[i]//q. Consider 
an ideal 

J ■= (4...^ 1 1 < I < 3, 1 < ii < z 2 < • ■ ■ < k < n) C Q[t]/I Q 
generated by all ^ r ..j,'s. 

Lemma 4.3 (For n = 3, see also Magnus [12].). The ideal J is Aut G-invariant. 

Proof. For any t'^...^ and a G AutG, there exists some polynomial F(t il ... i; ) G Q[i] 
such that 

by Theorem 14.11 and ([6]). Then using the division algorithm, we verify that F can be 
written as 

F = i! x G x + Re Q[t] 

where G 1 , R G Q[t] such that R is a polynomial in the determinates t r iv , 4 except for 
t[. By repeating this argument, we obtain 

F = ^2 t'h-ifih-n + C 

where G^...^ G Q[i], C G Q, and the sum runs over all %\ < ■ ■ ■ < %\ such that 1 < I < 3 
and 1 < z'i < z 2 < ■ ■ • < i\ < n. 

By considering the image of this equation by Cq? and by substituting the trivial 
representation 1 : R(G) — » SL(2, C), we see that C = 0. This means F G J. Therefore, 
J is Aut G-invariant. □ 

Now, we have a descending filtration 

JD J 2 D J 3 D • • • 

of Aut G-invariant ideals of Q[i]/iQ. Set 

gr fc (J) := J fc /J fc+1 . 



Then each of gr fc (J) is an Aut G- invariant Q- vector space of finite dimension for any 
k > 1. Hence, we obtain finite dimensional representations 

Cfc,Q : Aut G — >■ Aut (gr fc (J)) 

over Q for k > 1. In general, by combinatorial complexities, it seems quite a difficult 
to give a basis of gr fc (J) and to give a basis of it even in the case where G = F n . In the 
present paper, we determine the Q- vector space structures of gr fc (J) for G = F n and 
k = 1, 2 in Subsection 14.31 



4.2. Basic formulae among tr'x. 

For any x <E G, set 

tr'z := (trx) - 2 G F{R(G), C). 

In this subsection, we summerize basic and useful formulae among tr' x. To begin with, 
in order to rewrite the equations Qj, . . ., (jSJ) as those among tr' x, . . . , tr' w, we prepare 

Lemma 4.4. For any k > 1, and Z\, . . . , 6 G, we have 

k 

(tr Zl ) ■ ■ ■ (tr z k ) = J2 2 * ( tr ' z h) ■ ■ ■ ( tr ' z hJ 

i=o i<ii<-<ifc-i<fe 

Since this formula can be shown easily with the induction on fc, we omit the details. 

□ 

Then using the lemma above and jT]), . . ., (J6]), we obtain 

(7) tr' = tr' x, 

(8) tr'xw = tr' yx, 

(9) tr' + tr' xy' 1 = 2tr' x + 2tr' ?/ + (tr' x) (tr' ?/) , 

(10) tr' xyz + tr' yxz = — 2{tr' x + tr' y + tr' 2} + 2{tr' xy + tr' yz + tr' xz} 

+ (tr'a;)(tr'wz) + (tr' y) (tr' xz) + (tr' z)(tr';q/), 
-2{(tr'x)(tr'w) + (tr' y) (tr' 2) + (tr' z)(tr' x)} 
-(tr'x)(tr'w)(tr'z), 

(11) tr' [x, y] = (tr' x) 2 + (tr y) 2 + (tr' xy) 2 

—2{(tr'x)(tr'y) + (tr' x) (tr' xy) + (tr' w)(tr' xy)} — (tr'x)(tr' y)(tr' xy) 



and 

2tr' xyzw = 2(tr' x + tr' y + tr z + tr' w) 

— 2(tr' xy + tr' xz + tr' iw + tr' yz + tr' yw + tr' zw) 
+ 2(tr' xyz + tr' xyw + tr' xzw + tr' yzw) 

+ 2{ (tr' x) (tr' y) + (tr' x) (tr' w) + (tr' y) (tr' z) + (tr' z) (tr' w) 
+ 2(tr'x)(tr'z) + 2(tr' y)(tr' w)} 

— 2{ (tr' x) (tr' yz) + (tr' x) (tr' zw) + (tr' y ) (tr' xw) + (tr' y) (tr' zw) 

+ (tr'z)(tr'xy) + (tr' z)(tr' ot) + (tr' to) (tr' xy) + (tr' w)(tr' yz)} 
+ {(tr' x)(tr' yzw) + (tr' y) (tr' xzw) + (tr' z) (tr' xyw) + (tr ; w)(tr' xyz)} 
+ {(tr' xy)(tr' zw) — (tr' xz)(tr' yw) + (tr' xw)(tr' yz)} 

— {(tr'x)(tr'y)(tr'zu;) + (tr' y) (tr' z) (tr' xw) + (tr' x) (tr' w) (tr' yz) 

+ (tr' z)(tr w;)(tr' xy)} 
+ (tr'x)(tr'y)(tr' z)(tr' w) 

+ 2{ (tr' x) (tr' y) (tr' z) + (tr' x) (tr' y) (tr' 10) + (tr' x) (tr' z) (tr' u;) 
+ (tr'y)(tr'z)(tr'w)}. 

Furthermore, we can rewrite ffl2|) as a sum of the degree one part and elements types 

of 

(tr'a)(tr'/3w-tr'/3), (tr' a) (tr' w) , (tr' a)(tr' /3)(tr' tw) 
for some a, (3 e G and 

(tr' x) (tr' y) (tr' (tr' w). 

That is, 

2tr xyzw = 2(tr x + tr' y + tr' z + tr' w) 

— 2(tr' xy + tr' xz + tr' xw + tr' yz + tr' yw + tr' zw) 
+ 2(tr' xyz + tr' xyw + tr' xzw + tr' yzw) 

+ 2{ (tr' x — tr' xw) (tr' y) + (tr' y) (tr' z — tr' zw) + (tr' x — tr' xw) (tr' z) 
+ (tr' x) (tr' z — tr' zw) } 

— (tr' x) (tr' yz — tr' yzw) — (tr' x — tr' xw) (tr' yz) — (tr' z — tr' zw) (tr' xy) 
(13) — (tr' z)(tr xy — tr' xyw) + (tr' y)(tr' xzw — tr' xz) + (tr' xz)(tr' y — tr' yw) 

+ (tr' x) (tr' y) (tr' z — tr' zw) + (tr' y) (tr' z) (tr' x — tr' xw) 

+ 2(tr' x)(tr' w) + 2(tr' z)(tr' w) + 4(tr' y)(tr' w) - 2(tr' w)(tr' xy) 

— 2(tr' w)(tr' yz) + (tr' w)(tr xyz) 

+ (tr' x) (tr' y) (tr' z) (tr' w) + (tr' x) (tr' w) (tr' yz) + (tr' z) (tr' w) (tr' xy) 
+ 2{(tr'x)(tr'y)(tr'w) + (tr' x) (tr' z) (tr' w) + (tr' y)(tr' z)(tr' w)}. 



Next, we consider elements type of tr'z7 for z G G and 7 G [G, G]. First, we study 
the case where 7 is a commutator of weight 2. 



Lemma 4.5. For any z,a,b G G, 

tr'z[a, 6] = tr'z + 2(tr'z + tr'a + tr'6) 

- 2 (tr'za + tr' zb + tv'ab) + 2tr' zab 

+ (tr'za) (tr'a) - (tr'z6) (tr'6) + 4(tr'z)(tr'6) + 2(tr'6) 2 

- 2(tr'za)(tr'6) - 2(tr'a6)(tr'6) - 2(tr'za)(tr'a6) 

+ (tr'a6)(tr'za6) + (tr'z) (tr'6) 2 - (tr'za) (tr'a6) (tr'6) 
= tr'z — 2 (tr'za — tr'z) + 2(tr'6za — tr'6z) — 2(tr'6a — tr'6) 

+ (tr'6za - tr'6z)(tr'6) + (tr'6a - tr'6) (tr'6za) - 2(tr'za - tr'z) (tr'6) 

- 2(tr'6a - tr'6) (tr'6) - 2(tr'za - tr'z) (tr'6) - 2(tr'6a - tr'6)(tr'za) 

- (tr'za - tr'z) (tr'6) 2 - (tr'6a - tr'6) (tr'6) (tr'za) 
+ 2tr'a + (tr'za) (tr'a). 

Proof. We show the former equality. The latter one immediately follows from the 
former one. Now, we have 



tr'z [a, 6] = tr'za6(6a 



Using this and 



tr' zab a + (tr'za6)(tr'a6) + 2tr'za6 + 2tr'a6 
= — tr'(aza6)6 + (tr'za6)(tr'a6) + 2tr'za6 + 2tr'a6 

= tr aza — (tr aza6)(tr 6) — 2tr aza6 — 2tr 6 

+ (tr'za6)(tr'a6) + 2tr'za6 + 2tr'a6 
= tr' (za)a — (tr'azab) (tr'6) — 2tr'aza6 — 2tr'6 

+ (tr'za6)(tr'a6) + 2tr'za6 + 2tr'a6 

l9l 

= -tr'z + (tr'za) (tr'a) + 2tr'za + 2tr'a 

- {-tr'az6 _1 a _1 + (tr'za) (tr'a6) + 2tr'za + 2tr'a6}(tr'6) 

- 2{-tr'az6~ 1 a _1 + (tr'za) (tr'a6) + 2tr'za + 2tr'a6} 

- 2tr'6 + (tr'za6)(tr'a6) + 2tr'za6 + 2tr'a6. 



tr'z6- 1 = -tr'z6 + (tr'z) (tr'6) + 2tr'z + 2tr'6, 



we obtain the required result. This completes the proof of Lemma [4. 51 □ 

Using Lemma 14751 and (JTU1) . we see 
Corollary 4.6. For any z,a,b G G, tr' z[a, 6] = tr' z + tr' za6 — tr' z6a (mod J 2 ) . 

Now, we consider the case where 7 is a commutator of weight 3. 

Lemma 4.7. For any z,a,b G G, an element tr' z[a, b, c] — tr'z is a sum of elements 
types of 

(tr' x) (tr' y [a, 6] — tr' y) , (tr' x) (tr' ya — tr' y) 



and 

tr'[a,b), (tr' x)(tr'[a,b)), (tr'x)(tr'a) 

for some x,y G G. 

Proof. By substituting a and b in the equation in Lemma [4.51 to [a, b] and c respec- 
tively, we obtain 

tv'z[a, b, c] = tr'z - 2(tr'z[a, b] - tv'z) + 2(tr'cz[a, b] - tv'cz) - 2(tr'c[a, b] - tr'c) 
+ 2tr'[a,6] + (tv'z[a, b])(tv'[a, b]) + ^(tr / x)(tr'y[a, b] - try). 

Again, by Lemma 14. 5[ we have 

tr'z[a, b, c] = ti'z - 2{-2(tr'za - tr'z) + 2(tr'6;za - tr'bz) - 2(tr'6a - tr'6)} 
+ 2{-2(tr'cza - tv'cz) + 2{ii'bcza - tr'bcz) - 2(tr'6a - tr'b)} 

- 2{-2(tr'ca - tr'c) + 2(tr'6ca - tr'foc) - 2(tr'6a - tr'6)} 

- 4tr'a + ^(tr'x)(tr'a) + ^VtrV)(tr'ya - tr y) 

+ 2tr'[a,6] + (tr'^[a, 6])(tr'[a, b]) + VVtr'^Xtr'^a, b] - try). 

Then by using f|T3|) for ti'bcza, we obatain the required result. This completes the proof 
of Lemma 14.71 □ 

In particular, we have 
Corollary 4.8. tr' z[a, b, c\ ±l = tr' z (mod J 2 ). 

Proof. For tr' z[a, b, c] _1 = tr' z (mod J 2 ), it suffices to consider 

tr' z[a, b, c] _1 = tr' z\cac~ l , c&c" 1 , c -1 ]. 

This completes the proof of Corollary 14.81 □ 

The next proposition is the goal of this subsection. For any k > 2 and yi, . . . ,y^ G G, 

set 

flfc := [l/i,2/2,...,2/fe] e r G (/c). 

Proposition 4.9. VFzi/i i/ie notation above, we have 

(1) For any fc > 2, tr'a fc G J fe_1 . 

(2) For any I > 2 and any b G G, 

tr' 6a 2 z-i - tr' b, tr' 6a 2 ; - tr' b G J Z . 

Proof. We prove this proposition by the induction on k and /. To begin with, for 
k = I = 2, the part (1) and (2) follows from ffTTj) and Corollary 14.81 respectively. 
Furthermore, the part (1) also holds for k = 3 by ffTTl) . 

Assume Z > 2 and = 21 — 2 > 2, and assume that the part (1) is true for k and /c + 1, 
and that the part (2) is true for I. We show that for any k' such that fc + 2<A;'<fc + 3, 



the part (1) holds. By the inductive hypothesis, we have 
tr'a fc ' = tr' [a,ki-i,yk>] 

® (tr'a fc /_i) 2 + (tr y k i) 2 + (tr a k ^ x y kl ) 2 

- 2{(tr'a fe /_i)(tr'y fc /) + (tr' a fe /_i)(tr' a k/ _iy k >) + (ti y k i)(ti a k ^iy kl )} 

- (tr' a k '-i) (tr' y k >)(tr' a k >- X yy) 

= (ti'a k >-iy k > - ti'y k >) 2 (mod J k '~ l ) 
= (mod J k '- V ). 

This shows that for k' — k + 1, k + 2, the part (1) holds. 
Next, for I' — I + 1, by Lemma [4.71 we have 
tr' 6a 2 /'-i — tr' 6 

= ^(tr's)(tr'ya 2 F-3 - tr'?/) + ^(tr'a:)^ j/a 2 ;/- 2 - tr'?/) 

+ mtr' a 2 i'_ 2 + ^(tr'x)(tr' a 2i /_ 2 ) + y^(tr'x)(tr' a 2 z'- 3 ) 
= (mod J 1 ') 

for some m G Z. Here tr'a 2 //_ 2 = tr'a 2 ; G J 2i_1 C J 1 from the argument above. 
Therefore we see that the part (2) holds for /' = I + 1. This completes the proof of 
Proposition 14. 91 □ 

Corollary 4.10. With the notation above, we have 

(1) For any k>2, tr' a k l G J* -1 . 

(2) For any I > 2 and b e G, 

tr' 6a~ J l 1 - tr' b, tr' fra^ 1 — tr' 6 G J 1 . 
Proof. This corollary is immediately proved by Proposition 14.91 and 

for any a, G G. This completes the proof of Corollary 14.101 □ 

4.3. The structures of gr fc (J) for G = F n and k = 1 and 2. 

In this subsection, we assume G = F n . The goal of this subsection is to give a basis 
of gr fc (J) for A; = 1 and 2. 

4.3.1. A basis of gr x (J). 

Here we show that the image of 

T := {t{ 1 1 < 1 < n} U I 1 < i < j < n} U {t^ |l<i<j<fc<n}c Q[t] 

by 7Tq forms a basis of gr x (J) as a Q-vector space. To do this, it suffices to show 

Proposition 4.11. For an ideal Jq := (T) of Q[£] generated by T, we have Jq C Jq- 



Proof. For any / G Iq, set 



f ■= ait 'i + + S a ^4* 

l<i<n l<i<j<n i<j<k 

+ (terms of degree > 2 ) 



for Oj, Ojj, a^-fe G Q. Then, it suffices to show that Oj = = a^fe = 0. 
Choose any i < j < k and fix it. Consider the interior 



D := {z EC\zz <!} 



of the unit disk in C. For any s G D and l,m,t,u G C, define a representation 
Pl :F n ->SL(2,C)by 



, , fl-s \ , , A - It IH \ , , (l-mu m 2 u \ 
P^y-={ (l-a)-V' ^^) := V -t 1 + ZtJ' ^^ := V -« 1 + 

If we consdier the power series expansion 



' 1 + s + s 2 + s 3 + 



1 - s 



at the origin on D, we can write tr' pi(x^ • • -x^) as a convergent power series of s,t,u: 



s 2 

tr'px^) = = s 2 + s 3 + s 4 + ■ ■ ■ , 

1 — s 

tr' pi{xiXj) = (s 2 + 2lst) 

= s 2 + 2lst + s 3 + 2ls 2 t + (terms of degree > 4 ), 
tr' pi(xjXk) = —(I — m) 2 tu, 

tr' pi (xiXjXk) = {s 2 + 2lst + 2msu — (m — l) 2 tu + 21(1 — m)stu 

— ls 2 t — ms 2 u + l(m — l)s 2 tu} 
= s 2 + s 3 + 2lst + 2msu - (m - l) 2 tu + (I 2 - m 2 )stu + ls 2 t + ms 2 u 
+ (terms of degree > 4 ), 



and so on. This shows that tr'pi^^ • • • x^) is eqaul to zero, or the degrees of its 
monomials are greater than one. Then we have 

/(tr'pifcti • -sci,)) 

= ^(tr'pi^i)) + a jk (tv' px(xjX k )) + y^a r i{tv' pi(x r Xi)) + y^a^ftr' pi(xjX r )) 

r<i i<r 

+ ^2 ajkpfa' pi(xjX k x p )) + ajpfc^r'/oi^j^fc)) 

j<k<p j<p<k 



(14) 



i^=p<3<k 

^piq(tr p\(^XpXiXq)) 

p<q<i p<i<q 

+ ^2 a ipq (tT:' p 1 (x i x p x q )) 



i<p<q 

= 0. 

By the uniqueness of the power series expansion on D, each of the coefficients of the 
monomials in f(tr' pi^x^ ■ ■ ■ x it )) must be equal to zero. Here we observe the coefficients 
of the monomials of degree less than four. 

First, from the coefficient of stu, we obtain (I 2 — m 2 )aij k = 0. Since we can choose 
l,m E C arbitrary, we see = 0. Therefore (fl~4|) reduces 

f(tx' px(x h ■ ■ -Ei,)) = a^tr'pi^i)) + a^tf pi(xjX k )) 

+ yiarijtr' pi(x r Xj)) + 22a ir (tr' pi(xjX r )) 

r<i i<r 

= 0. 

Next, from the coefficient of st, su and tu, we see = 0, = and a,j k = 
respectively. Hence we have 

/(tr'pi^i! • ■ ■ ffij) = ai(tr'pi(^i)) = 0. 
Furthermore, from the coefficient of s 2 , we see = 0. 

On the other hand, for any t,u E D, define a representation p'^p'/ : F n — > SL(2, C) 

by 

( /i - * i \ 

if r = j, 



p[(x r ) := < 



( o (l-r 1 ) 

E 2 if j, 



if r = k, 



'1-u 1 \ 
/*i(av)H ^ (l-n)-^ 

£ 2 if r^k. 

Then, by an argument similar to that in the above, from the coefficients of t 2 in 
f(tr'p' l (xi 1 ---Xi l )), and of u 2 in /(tr'p'^x^ • • • X*,)), we obtain = and = 
respectively. 

Therefore we conclude that / E Jq. This completes the proof of Proposition 14.111 □ 



4.3.2. A basis of gr 2 (J). 
Set 

Si 1 1 < i < j < n} U {t'/ a6 1 1 < i < n, 1 < a < 6 < n} 

U {t-C c 1 1 < i < n, l<a<b<c<n} 
U {^C \l<i<j<n, \<a<b<n, (i,j)<(a, b)}, 

Si : = {C/afec> t'aXbc, KAbc \l<a<b<C<7l} 



and S :— Si U £2. Here we show that 7Tq(S') forms a basis of gr 2 ( J) as a Q- vector space. 

First, we show 
Proposition 4.12. ^q(S) generates gr 2 (J). 



S" := {^/ofa 1 1 < « < J < n, 1 < a < b < c < n}, 

s " {t'ijkt'abc I 1 < * < 3 < k < n, l<a<b<c<n, (i,j,k)<(a,b, c)}. 
Then gr 2 (J) is generated by ttq(Si U5"U S"). Consider relations 



in Q[t]/Jq where ta = tf — 2. (For details, see Corollary 4.12 in pQ.) Substituting 
t'^...^ +2 to each of t^...^ in the equations above, we verify that ^(t^t^,) is written as 
a polynomial of the indeterminates £• and t'^ in Q[i]//q. Hence we see that ttq(S U 5") 
generates gr 2 (J). 

Next, we reduce the generators of itq(S'). Consider a quotient Q- vector space V of 
gr 2 (J) by a subspace generated by 7i"i(5i). We write the equality in V as =. Now, fix 
l<i<a<b<c<n. Then we have elements 



in / due to Whittemore [T7], where at, c G AutF n is an automorphism such that 




Proof. Set 



(15) 




(P») 





if r = b, 
if r = c, 
if r ^ b, c. 



From the above, by using (1121) and a straightforward calculation, we obtain equations 

(16) tic^iab = ~^ia^ibc ^ib^iaci 

t' t' — —t' t' 4-t' t 1 - (t' t' 4- t' t' - t' t' ) 

b bc b iab ~ b ab b ibc ' b ib b abc \ b ic b iab ' b ia b ibc b ib b iac) 

(17) = ~t ab t ibc + t ih b { 



ib b abci 

I jj - ±1 jj J 4.1 (j) 4.1 i J./ J./ J J./ \ 

iac) 



r r — r r 4- r r - (r r 4-r r - r t 

b ac b iab b ia b abc ~ b ab b iac \ b ic b iab ~ b ia b ibc b ib b 

+ ( — tbctiab ~ ^ab^ibc ^ib^abc 



(18) - 44c + 4^' 



ab iad 

t' t' — -t' t' 4-t' t' 4- it' t' 4-t' t' - t' t' ) 

b bc b iac ~ b ic b abc ' b ac b ibc ' \ b ic b iab ' b ia b ibc b ib b iac) 

' t' 

ac ibc 



(is) = -44 c + t' ac t' 



in V respectively. Hence we can remove t' ic t' iab , t' bc t' iab , t' ac t' iah and t' bc t' iac from the gener- 
ating set ttq(S'). 

Fix l<i<j<a<b<c<n. Using (j6]), we have 

(u) a ^ (; tij^abc ~\~ tatijbc ~\~ tbtijac ~\~ tctijab ^ija^bc ^ijb^ac tijc^ab 
^ij^a^bc ^a^b^ijc ^ij^c^ab ^b^c^ija ~t~ ^ij^a^b^c 

in Z[i]. On the other hand, we have 

^tfjajbci tja^bci ^b^jaci 4~ t c tjabi 4~ ^i^jabc ^jab^ci ^jac^bi tjai^bc 
"ja^b^ci ^b^cijai ^ja^i^bc ^c^i^jab ~t~ tj a t b t c t{. 

Hence, from 2ti yi j) abc = 2t^ a ) bci , by using (jSJ) again, we obtain 

(20) t' t' 4-t' t' - t' t 1 — t' t' - t' t' 4- t' t' 

V^ u / b ij b abc ~ b ib b jac b ic b jab ~ b ja b ibc b ab b ijc ~ b ac b ijb- 

Similarly, from equations 2t(^-) a6c = 2i( a6 ) cij -, 2t^j) abc = 2t( bc ) i j a and 2t^j) abc = 2t^j ab , 
we obtain 

(21) t ic t, ab = tj c t iab — t a( tij b + t bc t i 



h ic jab jc b iab ac ijb ' b bc b ijai 

(22) ^iaPjbc = ^jaPibc ~ ^ab^ijc + ^ac^ijbi 

(21) t' t' -t't' — t' t' -t't' 4- t' t' - t' t' 

\^°) b ij b abc b ic b jab ~ b ja b ibc b jb b iac ~ b ac b ijb b bc b ija 

respectively. From (120|) . (12T!) and (1231) . we see 

(24) tib^jac = ~^ab^ijc + ^jb^iac + ^bc^ija 

(2^) t' t' — t' t' - t' t' 4- t' t' 

\*°) b ij b abc ~ b ja b ibc b jb b iac ~ b jc b iab' 



Therefore, by observing ([25]), (J22]), (TJU) and (TJT]), we can remove t' i:j t' abc , t' ia t' jbc , t' ib t' jac 
and t' ic tj ab from the generating set ttq(S'). 

Then we obtain the required result. This completes the proof of Proposition 14. 1 21 □ 

Next we prove 

Proposition 4.13. Elements in ttq(S) are linearly independent in gr 2 (J). 



Proof. Set 

g ■= 2j di,jt[t'j + ^ d^abt'it'ab + ^ di,abc^abc 

l<i<j'<n 1<*<^> 

l<a<6<n l<a<b<c<n 

+ ^ ] dij^abtijtab ^ ] dij t abctijt abc ^ QM 

(l,2)<(ij)<(a,6)<(n-l,n) l<i<i<", l<a<6<c<n; 

for dijjdi^t^di^bcdij^bydij^abc G Q- Assume vtq((7) G J 3 . Then, it suffices to show that 
dij di a i) d{ abc dijob dijobc 0. 

Step 1. dij ta bc = for any f < i < j < n and l<a<b<c<n such that 

t'ijt'abc ^2- 

Set Ni := {i, j, a, b, c}. We consider three cases according to the number of elements 
in Ni. 

Case 1-1. |jJVi = 3. 

Assume Ni = {a, b, c} and a < b < c. We show 

(26) dab^abc = d aca b c = d bc ^ abc = 0. 

To do this, for any k,l,m, s,t,u G C, consider a representation p 2 : F n — > SL(2, C) 
defined by 

, , (\ — ks k 2 s \ , N (l — It l 2 t \ , . /l — ma m 2 u 
^) := ( - S 1 + ks) ' ^ := ( -t l + lt)> P2{Xc) '= { -u 1+mu 

and p2{x r ) = E2 for r ^ a,b, c. Then we have 

tr' p 2 {x a x b ) = -(k - l) 2 st, 

tr' P2(x a x b x c ) — (k — — m)(m — k)stu — (k — l) 2 st — (I — m) 2 tu — (m — k) 2 su, 

and so on. 

Consider each of tr' p2{xi 1 ■ ■ ■ x^) as a polynomial of s, t, u with rational coefficients. 
Then by the observation above, each of them is zero, or is of degree greater than one. 
Hence, since 7Tq(<?) G J 3 , the degree of ^(tr'^^ij • • ' x h)) must be greater than five. 
This shows that each of the coefficients of s 2 t 2 u, s 2 tu 2 , st 2 u 2 in g(tx' p2(%i 1 ■ ••#0) is 
equal to zero. Hence we see 

- (k - l) 2 {k m){m - k)d ab)a bc - (k - m) 2 {k - - m){m - k)d aC)CLbc 

- (I - m) 2 (k m)(m - k)d bc , abc 
= 0. 

Furthermore, since we can choose k,l,m G C arbitrary, we obtain (f26j) . 
Case 1-2. tfJVi = 4. 

Assume Ni = {i, a, b, c} and i < a < b < c. It suffices to show 

(27) dm ' abc Z dab,mc Z °' dib ' abc Z dab,lbc Z °' 

dic,abc d ac ^i bc 0, di a i bc di b ^i ac 0. 



To do this, for any k,l,m,p, s,t,u,v G C, consider a representation p 3 : F n — > 
SL(2, C) defined by 

, \ / 1 — pv p 2 v 

P^'-= { -v 1+pv 

and p 3 (x r ) := p 2 (x r ) for r ^ i. From the coefficient of s 2 tuv in g{tr' p 3 {x ix ■ ■ • x^)), we 
have 

-(k - p) 2 {k m){m - k)d iaAbc - (k - l) 2 (p - k)(k - m){m - p)d ab)iac = 

and from the coefficients of k 4 l, k 4 p, we see 

dia,abc <^a&,iac 0' 

Similarly, by observing the coefficients of st 2 uv, stu 2 v and stuv 2 in g(tr' p 3 {x^ • ■ ■ x^)), 
we see 

-(I - p) 2 (k m){m - k)d ib , abc - {I - k) 2 (p - I) (I - m)(m - p)d abtibc = 0, 

-{p - m) 2 (k m)(m - k)d iCjabc - (k - m) 2 (p -/)(/- m)(m - p)d ac<ibc = 0, 

-(P - k) 2 (p -l){l- m)(m - p)d ia>ibc - (p - l) 2 (p - k)(k - m)(m - p)d ihjiac = 
respectively. From these, we obtain f l27|) . 
Case 1-3. jjJVi = 5. 

Assume i<j<a<b<c. Then it suffices to show 
(28) dj a i bc dj b { ac dj c i ab d ab ij c d ac ij b d bc ij a 0. 

To begin with, for any k,l,m,p,q, s,t,u,v,w G C, consider a representation p 4 : 
F n ->■ SL(2, C) defined by 

1 — qw q 2 w 
—w 1 + qw 

and pi(x r ) := p 3 (x r ) for r 7^ j. 

Then g(tr' p^x^ ■ ■ ■ x^)) G C is written as a polynomial of k,l,m,p,q, s,t,u,v,w 
with rational coefficients. By observing the coefficient of stuvw in g(ti r p^x^ • ■ - x^)), 
we have 

-{k- q) 2 (p m)(m - p)dja iihc - (I - q) 2 (p - k)(k - m)(m - p)d jbMc 

- (q - m) 2 (p -k)(k- /)(/ - p)d jCiiab - (k - l) 2 (p -q){q- m){m - p)d ab>ijc 

- (k - m) 2 (p -q)(q- I) (I - p)d aCtijb - (I - m) 2 (p - q)(q - k)(k - p)d bCiija 
= 0. 

Furthermore, from the coefficients of p 2 m 2 k,p 2 m 2 l, p 2 l 2 m,p 2 q 2 l, p 2 q 2 m,p 2 l 2 q,p 2 k 2 m, 
we obtain 

dbc,ija dj c i ab} d ac ij b dj c i ab} d ab ij c dj b i aC) 

djc,iab dja,iba dj b j ac dj a ^i bcj d ab ^ij c d bc jj aj dj a j bc d ab ^ij c 

respectively. From this, we obtain (|28p . 

Step 2. dij >ab = for any 1 < i < j < n and 1 < a < b < n and < (a, b). 



Set N 2 '■— {i,j,a,b}. We consider three cases according to the number of elements 
in N 2 . 

First, we consider the case where §N 2 = 2. We show d ab ^ ab = for any 1 < a < b < n. 
Recall the representation p 2 . By observing the coefficients of s 2 t 2 in g(tr' p 2 (xi 1 ■ ■ ■ x^)), 
we obtain 

(k - l) 4 d ab:ab = 0. 

This shows that d a b, a b = 0. 

Next, consider the case where §N 2 = 3. It suffices to show that for any 1 < i < a < 
b < n, 

(29) dia^afr = G^afc = <^ia,it> = 0. 

By observing the coefficients of s 2 tv, st 2 v and stv 2 in g{ti' p^x^ ■ ■ •#»,)), we obtain 
(p - kf{k - lfd ia>ab = 0, (p - lf{k - l) 2 d ib , ab = 0, 
(p-k) 2 (p-l) 2 d ia , ib = 0. 

From the coefficients of k 4 , I 4 and p 4 , we see (1291) . 

Finally, consider the case where §N 2 = 4. It suffices to show that for any 1 < i < j < 

a < b < n, 

(30) dij^ ab di a j b di b j a 0. 

By observing the coefficients of stuv in ^(tr'p^a;^ • • -x^)), we obtain 

(p - q) 2 (k - lfd ihab + (p - k) 2 (q - l) 2 d iaJb = + (p - lf(q - k) 2 d ibJa = 0. 
From the coefficients of pqk 2 , qlk 2 and plq 2 , we see (l30l . 

Step 3. c?j ia fe c = for any 1 < % < n and 1 < a < b < c < n. 

First, assume i ^ a,b,c. For any v G D and k,l,m, s,t,u G C, consider a represen- 
tation p 5 : F n — > SL(2, C) defined by 

p 5 (*i):=(V (i^-i) 

and P5(x r ) := P3(x r ) for r 7^ i. By observing the coefficients of stuv 2 in g (tr' p 5 (x^ • • • 
we obtain 

(A; -/)(/- m)(m - fc)cf lja6c = 0. 

This shows that d itabc = 0. 

Next, we consider the case where i = a,b or c. For any s £ D and l,m,t,u G C, 
consider a representation p 6 : F n — >■ SL(2, C) defined by 

Pe(x a ):=(^- S (1 _° a) -i) 

and P6(^r) := P2(x r ) for r ^ a. Then from the coefficients of s 3 tw in 5f(tr'p 6 (xj 1 • • • £j ; )), 
we have 

(Z 2 - m 2 )d ajabc - (I- m) 2 d aM = 0. 
This shows d a ^ bc = d atbc = 0. Similarly, we can obtain 

db,abc d Ci a bc 0. 



Step 4. di a b — for any 1 < % < n and 1 < a < b < n. 

Assume i ^ a,b. By observing the coefficients of stv 2 in g(tr' p^x^ ■ • ■ x^)), we obtain 

~(k-l) 2 d i , ab = 0. 

This shows d iab = 0. (Remark that for i < a < b, this has already been obtained in 
Step 3.) 

On the other hand, from the coefficients of sH in g (tr' pe(xi 1 • • -XiJ), we have 

2lda,ab — 0. 

This shows d aab = 0. Similarly, we can obtain 

db,ab = 0. 

Step 5. di^ a = for any 1 < i, a < n. 

Assume i ^ a. For any s, v G D, consider a representation p 7 : F n — > SL(2, C) 
defined by 

^ := (V (i -V 1 ) ' pr{xa) := C o v (l-V 1 ) 

and Pt{x t ) := i?2 for r ^ i,a. Then by observing the coefficients of s 4 , s 2 v 2 and f 4 in 
(7(tr'p 7 (xj 1 • • •£»,)), we obtain 

di,i = 0, d iiQ = 0, and d^ a = 

respectively. 

Therefore we have obtained all coefficients of g are eqaul to zero. This compeletes 
the proof of Proposition 14.131 □ 

5. A CENTRAL FILTRATION £ G (k) 

In this section, for any group G, we introduce a descending filtration of Aut G consist- 
ing of its normal subgroups. This is an analogue of the Andreadakis- Johnson filtration 
of Aut G. (For details for the Andreadakis- Johnson filtration, see [Hj or [15] , for ex- 
ample.) 

5.1. Definition of £c(k). 
For any k > 1, let 

£ G (k) := Ker(Aut G Aut( J/ J k+l )) 

be the kernel of a homomorphism AutG — > Aut(J/J fc+1 ) which is induced from the 
action of Aut G on J/J k+l . Then the groups Ecik) define a descending filtration 

£ G (1) D £ G (2) D • • • D f G (A:) ^ ■ • • 

of Aut G. Here we show that this is a central filtration. 

For any / £ J and a G Aut G, set 

:=r-feJ. 

Then we have 



Lemma 5.1. For any f G J and a, t G Aut G, 

(1) SaT (f) = Mf)) T + sAf), 

(2) *i o (/)=0, 

(3) Sa -i(f) = -Mfir 1 , 

(4) 8 M (f) = faMf)) - S^sAf))}^' 1 ■ 

Proof. The part of (1), (2) and (3) is straightforward. Here we prove the part (4). 
Using (1), (2) and (3), we obtain 

= {Mf)T + s T (f) - (s T (f)T - sAf)}^' 1 

= {SrMf)) - sAsAf))}^ 1 ■ 

This completes the proof of Lemma 15. 1[ □ 

Lemma 5.2. For any k, I > 1, / G J 1 and a G Ec{k), we have s a (f) G J k+l . 

Proof. It suffices to show the lemma for the case where / is (the coset class of) a 
monomial t' „ t' h h ■ ■ ■ t' ,. . Then we have 

sAf) = r-f 



(+' ) a ... (t/ Y -t' ■■•t! 

\ ai-Orj' rci"'Cr,/ ai---a ri ci"-c r; 



By the definition of Ea(k), the elements s a (t' ai ... ar ^), . . . , s a (t' Ci ... c ^) belong to J k+l . 
Therefore, we obtain s a (f) G J k+l . This completes the proof of Lemma [5.21 □ 

Proposition 5.3. For any k,l>l, [Ec{k) , Eg{1)} C Ea(k + l). 

Proof. For any a G Ea(k), r G Eq{1) and / G J, by Lemmas 15. II and l5\2l we see 

«M(/) = W^(/))-«»(«r(/))} rV " 1 

= (mod J fe+m ). 

Hence [a, t] G £g(^ + 0- This completes the proof of Proposition 15.31 □ 

This proposition shows that the filtration Ec{k) is a central filtration of Aut G. Next, 
our interests is how different the filtration Ec{k) is from the Andreadakis- Johnson 
filtration Aa{k). We consider this problem for the case where G = F n . 



5.2. The group E Fn {l). 

Here we show that Ep n (l) = InnF n • Af u (2). First, we show that Ep n (l) is contained 
in the IA- automorphism group IA„ = .4^(1). In the following, we always identify 

G F(R{G), C) through tt q . 

To begin with, we prepare some lemmas. 



s + 2 1 

Lemma 5.4. For any s G C, Se^ A := ( ^ g ) ; and 



fr A m _ (o) , _(2) 2 , 

for any m G Z. Tnen ij? = 2 and = m 2 . 

This lemma is obtained by a straightforward calculation. 
Lemma 5.5. For any 1 < % < n and a word w := x^ ■ ■ ■ G F n , assume 

tr'(w) = tr Xi (mod J 2 ). 

Then we have 
/or any k ^ i. 

Proof. For any s G C, consider a representation p§ : F n — > SL(2, C) defined by 

A, if r = 



£7 2 , if r ^ i. 

Then from tr'(w) = tr'xj (mod J 2 ) and Lemma |5.5[ we obtain 

m 2 s + (terms of degree > 2) = s + (terms of degree > 2) 

where m = Y2i =i e j- Hence m 2 = 1. 

Similarly, for any k ^ i and s G C, considering a representation p 9 : F n — > SL(2, C) 
defined by 

A, if r = /c, 
£ 2 , if r^k. 
we obtain ^2 ij=k ej = 0. This completes the proof of Lemma 1531 □ 

From this lemma, we see that for any a G £f„(1) and 1 < i < n, 

a rrii i -i 

X — X Ci , m>i — — I — L 

for some q G IV n (2). Next, we show 

Lemma 5.6. For any a G £f„(1), mi = m,2 = ■ ■ • = m n . 

Proof. Choose any 1 < i < j < n. Consider a representation p 10 : F n — > SL(2, C) 
defined by 

A, if r = i,j, 
E 2 , if r^i,j. 

Then from tr / ((xjXj) cr ) = tr'xjXj (mod J 2 ), we see 

[rrii + nij) 2 s + (terms of degree > 2) = 4s + (terms of degree > 2). 

Hence we obtain rrii = mj- This completes the proof of Lemma [5. 61 □ 

Therefore we see that for any o G Sp n {l) an d 1 < i < n, 

x^ = xf"c h m a = ±1 



Pio(x r ) 



for some q G IV n (2). Here assume 

d = [x 2 ,x 1 ] e2 ^[x 3 ,x 1 } e ^ ■ ■ ■ [x n ,x n ^-^ 

■ [x 2 ,x uXl ] e ^ ■■■[x n ,x n . l ,x n } e — 1 ^ (mod r Fn (4)) 

for eba(i), £bac(i) G Z. Here in the right hand side of the equation, terms [x&,x a ] for 
b > a are multiplicated according to the lexicographic ordering 

(b, a) < (b' , a') -<=>- a < a' or, a = a' and b < b' , 

and terms [xb,x a ,x c ] for b > a < c are multiplicated according to the lexicographic 
ordering 

{a < a', 
a = a' and b < b' or, 
a = a',b = b' and c < d . 

We remark that 

{ [xb, x a ] 1 1 < a < b < n} and { [xb, x a , x c ] \b > a < c} 

form basis of ri?„(2)/ri? n (3) and TF n (^)/^F„(4:) as free abelian groups respectively. (For 
details, see [J], for example.) 

Lemma 5.7. As the notation above, eb a {i) = ifa,b^i. 

Proof. We prove this lemma for the case where a < b < i. The other cases are proved 
in a similar way. For any s,t,u G C, consider a representation p n : F n — > SL(2, C) 
defined by 

PiiO*.) := (J i) , Pii(^) := (J J) , Piifc) := t + J 

and pn(x r ) = E 2 for r 7^ a, b, i. Then for any e G Z, we have 

/ r IPX / 1 Gst G-S t 

Pll{[Xb,X a \ ) = ( _ +2 

/3ii([xi, a; a ] e ) = 



esr 1 + est / ' 



Pn([si,x fe ] e ) 



1 + e(sii — su ) —e(2su + s tt — su 
—esu 2 1 — e(su — su 2 ) 

1 + e(te + in 2 ) -etu 2 



e(2tu + tv? + t 2 u) 1 - e(tu + tv?^ 1 ' 



, r leA / 1 -e(s 2 t + 2ste)\ ,, le , /l 2es 2 u\ 

pii([x fe ,a; a ,XiJ ) = I _ 2estlt v j I, pii([Xi,x a ,x a \ ) = I Q 1 J 

Pii([si,x a ,x fe ] e ) : 



1 — 2estu e(s 2 u — su 2 ) 
—2estu 1 + 2estu 

,'l + 2esu 2 -2esu 2 \ n le . / 1 



Pn([a;b,a; a ,x i ,] e ) = y 2 



1 - etu 2 2etu 2 
1 + eto ; 



modulo 

{F = (fij) | each of is a polynomial of s, t, u of degree > 4}. 
Hence from tr'fx,)' 7 = tr'xj (mod J 2 ), we have 



tr '( C-mu 1 + m u) ^id^^ir®^,*!]^ " ' " k^xj^)) 



-TTlo-M 1 + m a U 

= + (terms of degree > 4). 

Therefore, by observing the coefficient of stu, we obtain 2m a e ba {i) = 0, and hence 
&ba[i) = 0. This completes the proof of Lemma [5771 □ 

From this lemma, we see that for any a G Sp n (l) and 1 < % < n, 

d = [x i ,x 1 ] e *®[x i ,x 2 ] e «® ■ ■ ■ [x^x^f"-^ 

■ [x^x^® ■ ■ ■ [x n , Xi ]^ (mod r Fn (3)). 

Next, we show 

Lemma 5.8. As the notation above, for any 1 < % < n, 

e»i(l) = e i2 (2) = ■■■ = eu_i{i - 1) = -e i+li (i + 1) = ■ ■ • = -e ni (n). 

Proof. Choose any a < b < i, and fix it. We have 

(x a x b ) a = x™°c a x™°c b = x™°x™°c a c b (mod T Fn (3)), 

= xrx^[x 2 ,X!] e2l(a)+e2l(6) • • • [x n ,x n ^} enn -^ +e ™-^ (mod r> n (3)). 

By the same argument as that in Lemma 15.71 from an equation tr' pii{{x a x b ) a ) = 
tr' pii(x a x b ) (mod J 2 ), we see 

st + 2m a (—eia(a) — ej a (6) + e^(a) + en,{b))stu = st + (terms of degree > 4). 

Hence we obtain ei b {b) = ej a (a). 

Next, choose any a < i < b, and fix it. Similarly, from an equation tr' pu({x a x b ) a ) = 
tr'pn (x a x b ) (mod J 2 ), we see 

st + 2m a (—ei a (a) — ei a (b) — eu(a) — eu(b))stu = st + (terms of degree > 4). 

Hence we obtain e b i(b) = — ej a (a). This completes the proof of Lemma [5.81 □ 

For any 1 < i < n, set := e»i(l) = ■ • • = — e ni {n). By Lemma [5751 we see 

x\ = x^lx^Xif 1 ■ ■ ■ [x i - 1 ,x i ] ei - 1 [x i+1 ,x i ] ei+1 ■ ■ ■ [x n ,Xi} en (mod IV n (3)). 

Then we show 

Lemma 5.9. As the notation above, for any a G £_F n (l) ; m a = 1. 

Proof. Assume m a — — 1. For any 1 < j < n, let tj G InnF n be an inner automor- 
phism of F n defined by x i— >■ Xjxxj 1 for any x G F n . Then for any 1 < i < n and e G Z, 

we have x? = [Xj, Xj] 6 ^ (mod IV n (3)). An element a' := ai e ^ ■ ■ ■ l^ 1 G £f„(1) satisfies 

xf^x- 1 (modr Fn (3)) 

for each 1 < i < n. Hence, for any a < b < i, we see (x a x b Xi) a ' = x^x^xj 1 
(mod T Fn (3)). 



By an argument similar to that in Lemma T5.8[ from an equation tr' pii{{x a XbXiY') = 
tr' pii(x a XbXi) (mod J 2 ), we obtain 

st + tu — su + stu = st + tu — su — stu + (terms of degree > 4), 

and hence the contradiction. This completes the proof of Lemma 15.91 □ 

As a corollary, we see 

Corollary 5.10. For any n > 3, £ Fn (l) C IA n . 

Now, we have 

Lemma 5.11. For any n > 3, A Fn (2) C £ Fn (l) 

Proof. For any a G A Fn (2), and any x G F n , we have x a = xy for some y G r^ n (3). 
Since rV n (3) is generated by elemnts type of [a, b, c] for a, b, c G F n , we can write 

y = [a 1 ,b 1 , d] ei ■ ■ ■ [a r , b r , c r f r , ej = ±1. 

Hence, using Lemma [4.71 recursively, we obtain tr'x " = tr'x (mod J 2 ) for any x G F n . 
This completes the proof of Lemma 15.111 □ 

Then we have 

Theorem 5.12. For any n>3, E Fn {l) = InnF„ ■ A Fn (2). 

Proof. Recall the argument in the former part of Lemma [5.91 For any o G £p n (l), 
there exists some l G InnF n such that 

x UL = x (modr Fn (3)) 

for any x G F n . This shows that oi G ^4^(2). This completes the proof of Theorem 
021 □ 

At the end of this subsection, we prove 

Theorem 5.13. For any k>\, A Fn (2k) C E Fn {k). 

Proof. For any o G A Fn (2k) and x G F n , we have x a = xc for some c G T Fn (2k + 1). 
By Lemma 13.11 the element c is written as 

ei e2 e r 

c — c l c 2 ' ' ' C r 

for some left-normed commutatiors q of weight 2k + 1 and = ±1. Hence, from 
Proposition 14.91 and Corollary 14.101 we obtain 

trV^tr'x (mod J H1 ). 

This shows that a G S Fn (k). This completes the proof of Theorem 15.131 □ 

5.3. Graded quotients gr k (£ Fn ). 

In this subsection, we study the graded quotients gi k (£ Fn ) := £ Fn {k) / £ Fn {k + 1). 
Since each £ Fn {k) is a normal subgroup of AutF n , the group AutF n naturally acts 
on gr h (£ Fn ) by the conjugation from the right. Furthermore since {£ F „{k)} is a cen- 
tral filtration, the action of £ Fn {l) on gr h (£ Fn ) is trivial. Hence we can consider each 
gr k (£ Fn ) as an Aut i 7 ' n /^ ri (l)-module. Here, we introduce Johnson homomorphism like 
homomorphisms to study the Aut F n /£i? ri (l)-module structure of gr k (£ Fn ). 



To begin with, for any k > 1 and a G Ep (k), define a map r] k (a) : gr x (J) — > gr fc+1 (J) 

by 

:= S(T ( / ) = r - /Gg r fc + 1 (J) 

for any / G J. The well-definedness of the map r] k (a) follows from Lemma 15.21 It is 
easily seen that rjk(a) is a homomorphism between abelian groups. 

Then we have a map % : gr fc (£p n ) — ► Homz(gr 1 ( J), gr fe+1 ( J)) defined by a h-> %(ct). 
For any a, r G Ep n (k), from (1) of Lemma [5. 11 and from Lemma [5 .2[ we see 

= M/)) T + s T (/) = s„(/) + s T (/) (mod J fc+2 ). 

This shows that is a homomorphism of abelian groups. By the definition, each of rjk 
is injective. Furthermore, we have 

Lemma 5.14. For each k>l,r]^ is an Aut F n /Ep n (l)-equivariant. 

Proof. It suffices to show that r)k is an Aut F n -equivariant. For any o G Aut F n and 
t G Ep n (k), we see 

Vk(r ■ cr)(f) = r) k (a~ l To-)(f) = s ff -i TtT (f), 

Mr) ■ a)(f) = (vkW^r = s^ry = tr 1 - - ry 
= r lra -f = s a -, Ta {f) 

for any / G J. Hence we have ^(r ■ a) = f]k(r) ■ a. This means rjk is an AutF n - 
equivariant homomorphism. This completes the proof of Lemma 15.141 □ 

Using the homomorphisms r] k , we see that gr k (Ep n ) is an Aut F n /£ Fn (l)-submodule 
of the Q- vector space Hom z (gr 1 ( J), gr fc+1 ( J)), and hence we obtain 

Theorem 5.15. For any n > 3, 

(1) Each of gr k (£p n ) is torsion-free. 

(2) dim Q (gr fe (£ F J® z Q) < oo. 

As a corollary to Theorem 15.131 we see that gr 1 (£^ n ) is finitely generated. In gen- 
eral, however, it seems to be quite a difficult to determine the Aut F n /£p n (l)-module 
structure of gr k (£ Fn ) even the case where k — 1. 
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